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Abstract 
In this work, extended finite element method (XFEM) is used to evaluate the stress intensity factors (SIFs) of a semi-elliptical 
part through thickness axial/circumferential crack. The pipe or pipe-bend having a crack on the outer surface is subjected to 
internal pressure or opening bending moment. Partition of unity approach is used to enrich the displacement approximation with 
the help of additional functions. To accurately model a crack, the level set functions are approximated by higher order shape 
functions. Domain based interaction integral approach is used to determine SIFs from XFEM solutions. The results obtained by 
XFEM approach are compared with the FEM solution. These results show that the location of crack and loading have significant 
effect on the SIFs. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of Gokaraju Rangaraju Institute of Engineering and Technology (GRIET). 
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1. Introduction 
Flaws are found in all engineering materials either at micro or macro level. The defect assessment techniques are 
needed for the safe operation of plant components. Both pipe and pipe bend are the important part of pipeline 
systems in nuclear power plant, and are generally known to be the most economical means of changing the 
directions while providing flexibility and end reactions within allowing limits. In general, the study of failures in the 
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presence of cracks is done using fracture mechanics. An accurate evaluation of the fracture parameters like J-
integral and SIFs is quite important for evaluating the life of a component. 
The leak before break (LBB) principle describes that there is very low probability of any catastrophic break of 
primary heat transport pipes without showing prior indication of leakage. A break in piping could lead to the loss of 
coolant in the public domain. Therefore, a detail fracture mechanics study of different piping components is required 
in LBB. The integrity evaluation of piping components with postulated crack under different loading conditions is 
one of the main steps in LBB analyses.      
A number of analyses exist on the surface cracked straight thick-walled cylinders subjected to internal pressure 
(Atluri and Kathiresan, 1979; Tan and Fenner, 1980; Pu and Hussain, 1981; Tan and Shim, 1986). Thick-walled 
elbows were also analyzed but cracked elbow and tube are very scarce in literature. Chattopadhyay et al. (1994, 
1995) and Yahiaoui et al. (2002) studied through thickness axial and circumferential cracks under bending loads. 
Only few standard shape crack problems have the closed form analytical solutions available in literature. Therefore, 
numerical methods are the choice for analyzing cracks in pipe and pipe bend under different types of loads. 
Although, numerical methods can model these problems but the accurate modeling still remains a most difficult 
task. It is known that during fatigue loading, an initial crack of part-through semi-elliptical shape grows up to the 
critical size. Therefore, the analysis of semi elliptical crack in pipe and pipe bend is quite important. In this work, 
semi-elliptical cracks placed on the outer surface of the circular pipe and pipe bend have been considered.  
To analyze these problems the methods such as finite element method (Henshell and Shaw, 1975; Akin, 1976; 
Nikishkov and Atluri, 1987), boundary element method (Portela et al., 1991), and meshfree methods (Belytschko et 
al., 1994) have been developed over the years. In finite element method, geometry is normally modeled by an 
adequate mesh, which requires that a crack face must match with the edge of the finite elements i.e. a conformal 
mesh is required apart from special elements to handle crack tip asymptotic stress fields. Thus, the finite element 
simulation of cracks and crack growth becomes quite difficult and time consuming task, and often leads to 
numerical errors. To tackle these issues, extended finite element method (XFEM) has been developed as an 
alternative. In XFEM, partition of unity approach is used for the enrichment of displacement approximation with 
additional functions (Moës et al., 1999). These enrichment functions are evaluated from the theoretical background 
of the problem under consideration. Many enrichment functions have been proposed by the researchers (Sukumar et 
al., 2001) to model the cracks in XFEM. Primarily two enrichment functions are required to model a crack in 
XFEM: first one is discontinuous at the crack surfaces while the second one is asymptotic at the crack front. Thus, 
XFEM provides the precise modeling of the cracks. Domain based interaction integral approach is adopted for the 
evaluation of mixed mode stress intensity factors (Sharma et al., 2011).  
2. XFEM Methodology 
Three-dimensional XFEM formulation for a crack problem is described in the following sub-sections: 
2.1. XFEM Formulation 
The XFEM eliminates the trouble related with the mesh generation for the task involving cracks. It does not 
require conformal mesh at internal the boundaries. In XFEM, the finite element approximation is enriched by some 
additional functions to model the internal boundaries. 
According partition of unity (PU), the standard approximation is enriched with additional functions. The enriched 
displacement approximation can be written in general form for the modelling of a crack.  
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where, n  is the set of all nodes in the mesh, rn  is the set of nodes whose shape function is entirely cut by the 
crack surface, and An  is the set of nodes whose shape function support is partly cut by the crack front, ju  is the 
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nodal displacement vector connected with the continuous part of the finite element result, ja  is the extra degree of 
freedom vector associated with the Heaviside function, )(xH , Djb  is extra degree of freedom vector associated 
with asymptotic functions, ( )DI x , Heaviside function, )(xH is defined for those elements which are entirely cut by 
the crack surface whereas the asymptotic functions, ( )DI x  are defined for those elements which are partly cut by 
the crack front. For the model of the radial as well as the angular behaviour of asymptotic crack-tip stress fields, four 
enrichment functions are used (Moës et al., 1999): 
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By substituting the trial and test functions from Eq. (1) in the above equation and using the arbitrariness of the 
nodal variables, a following set of discrete equations is obtained ^ ` ^ `ª º  ¬ ¼ d fK                                         (3) 
where, d~  is the vector of nodal unknowns, K  and f  are the global stiffness matrix and external force vector 
respectively.  
The elemental K~  and f~ vectors are given as              
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In the present work, shifted enrichment (Gosz et al., 1998, Pathak et al., 2013) is used along with PU  
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2.2. Numerical Integration 
Special treatment is required in the enriched elements due to the presence of discontinuity. Integration of enriched 
elements is achieved by dividing them into several tetrahedrons above and below the surface. Higher order Gauss 
quadrature is used for the integration of enriched elements. In the present simulation, three and seven points Gauss 
quadrature is used in crack surface and crack front respectively. The rest of the elements are integrated by two point 
Gauss quadrature. 
2.3. Contour Integral 
In the present work, domain type interaction integral approach is used for the evaluation of individual stress 
intensity factors under internal pressure and bending moment. In 3-D, evaluation of J -integral is done by virtual 
domain extension approach (Gosz et al., 1998, Pathak et al., 2013). In this approach, contour integral of a crack front 
is defined in terms of volume integral over the domain surrounding the crack front. Individual SIFs are extracted by 
superimposing two states of the stress with each other. For convenience, one state is taken as actual state while other 
auxiliary state is assumed to known. The SIF of the known auxiliary state is taken as one for the mode which is 
being evaluated while the SIFs of other two modes in auxiliary states are assigned zero values. Thus, actual SIF of 
that mode for which one value is assigned in auxiliary state, remains unknown, and can be obtained by solving an 
interaction integral (Gosz et al., 1998, Pathak et al., 2013).  
3. Results and Discussion 
3.1. Pipe Bend with Axial Part Through Crack at Extrados 
A pipe bend with an axial part-through (semi-elliptical shape) crack lying at extrados has been simulated by 
XFEM. The geometry of the pipe bend along with boundary conditions is shown in Figure 1. Both ends of the pipe-
bend are fixed. The major and minor axes of semi-elliptical crack are taken as 0.024m and 0.015m. The diameter 
and bend radius of the pipe-bend are taken as D = 0.2m, d = 0.16 m and R = 0.4 m respectively. The pipe bend is 
subjected to an internal pressure of 10 MPa. The material of the bend (E=200,000 N/mm2 and Poisson ratio 0.3) is 
assumed as homogeneous and isotropic. The dimensions of contour integral are taken as Ve = 0.004 m and b = 0.004 
m. A regular mesh of 5x100x18 nodes is used for the simulation. The values of mode-I SIF obtained by XFEM and 
FEM (ANSYS) are found as 9.22 MPa-m1/2 and 9.11 MPa-m1/2 respectively at 0oT  . These results show that the 
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results obtained by XFEM and FEM are found in good agreement with each other.  
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
Fig. 1. Pipe bend with axial crack at extrados. 
3.2. Pipe Bend with Axial Part Through Crack at Intrados 
In this case, pipe bend dimensions, crack length, loading, boundary conditions, material properties and meshing 
remain same as in previous case. Pipe bend with an axial (semi-elliptical shape) crack lying at intrados location has 
been simulated by XFEM. The geometry of the pipe bend along with the crack and boundary conditions is shown in 
Figure 2. The dimensions of contour integral and mesh size are taken same as the previous case. The values of 
mode-I SIF obtained by XFEM and FEM are found as 10.90 MPa-m1/2 and 10.96 MPa- m1/2 respectively at 0oT  . 
From above case studies, it is found that the intrados location is more severe than extrados location for an axial part 
through crack.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Pipe bend with axial crack at intrados. 
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3.3. Pipe Bend with Circumferential Part Through Crack at Extrados  
In this case, pipe bend with a circumferential (semi-elliptical shape) crack lying at extrados location has been 
simulated by XFEM. The geometry of the pipe bend along with the crack and boundary conditions is shown in 
Figure 3. Pipe bend dimensions, loading, boundary conditions, material properties, mesh and dimensions of the 
contour integral are taken same as the previous cases. In this case, the maximum values of mode-I SIF obtained by 
XFEM and FEM (ANSYS) are found as 4.43 MPa-m1/2 and 4.21 MPa- m1/2 respectively.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Pipe bend with circumferential crack at extrados location 
3.4. Pipe Bend with Circumferential Part Through Crack at Intrados Location 
In this case, pipe bend dimensions, crack length, loading, boundary conditions, material properties, mesh and 
dimensions of the contour integral remain the same as the previous case. The pipe bend with a circumferential semi-
elliptical crack lying at the outer surface of intrados is shown in Figure 4. In this case, the maximum values of 
mode-I SIF obtained by XFEM and FEM (ANSYS) are found as 4.43 MPa-m1/2 and 4.21 MPa-m1/2 respectively. It 
is found from these two case studies of circumferential part through crack that SIF was not change with location.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Pipe bend crack at intrados outer location. 
d
D
d
D
R 
crackCircumferential crack 
d
D
d
D
R 
Circumferential 
78   Kamal Sharma et al. /  Procedia Materials Science  6 ( 2014 )  72 – 79 
3.5. Straight Pipe with Circumferential Part Through Crack  Under Internal Pressure 
In this case, a straight pipe with an axial semi-elliptical crack lying at the outer surface has been simulated by 
XFEM. The outer and inner diameters of the pipe are taken as D = 0.2 m and d = 0.16 m. The minor and major axes 
of semi-elliptical crack are taken as 0.015m and 0.024m. Both ends of the pipe are hinged. The pipe is subjected to 
an internal pressure of 10MPa. The complete geometry of the pipe along with crack location is shown in Figure 5. 
The material of the pipe is assumed as homogeneous and isotropic with E=200,000 N/mm2 and Poisson ratio 0.3. In 
this case, the values of mode-I SIF obtained by XFEM and FEM are found as 4.19 MPa-m1/2 and 4.11 MPa- m1/2 
respectively.  
 
 
 
  
 
 
 
 
 
 
Fig. 5. Straight pipe circumferential part through crack under internal pressure. 
 
3.6. Straight Pipe with Circumferential  Elliptical Part Through Crack  Under Opening Moment 
In this case, a straight pipe with a circumferential semi-elliptical crack lying at outer surface has been simulated 
by XFEM under opening bending moment. The pipe geometry, loading, crack location and crack dimensions are 
taken same as the previous case. The opening bending moment with a linearly varying pressure gradient of 
100MPa m is applied on the pipe which is positive at upper end and negative at lower end as shown in Figure 6. 
The material of the plate is assumed to be same as the previous cases. The values of mode-I SIF obtained by XFEM 
and FEM are found as 1.82 MPa-m1/2 and 1.85 MPa- m1/2 respectively.  
 
  
 
 
 
 
 
 
 
Fig. 6. Straight pipe with circumferential elliptical part through crack under opening moment. 
 
4. Conclusions 
In this work, the stress intensity factors of semi-elliptical part through thickness crack lying either at extrados or 
intrados in pipe and pipe bend are evaluated by XFEM under internal pressure or opening bending moment. In 
XFEM, a crack is easily modelled through enrichment functions using a regular mesh. Total six different cases of 
axial and circumferential cracks are simulated. The values of stress intensity factors are extracted from XFEM 
solution by domain based interaction integral approach. The results obtained by XFEM are compared with the FEM 
solutions. From first two cases, it is found that axial part through crack located at intrados is more severe in 
comparison to extrados. From third and fourth cases, it is noticed that severity of circumferential crack is not 
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location dependent. It is also found from these simulations that axial crack is more severe than the circumferential 
crack under same loading and boundary constraints. It is also observed that loading (internal pressure and opening 
moment) also significantly affect the stress intensity factor. These simulations also show that the modelling and 
simulations of cracks in XFEM is much easier as compared to FEM.   
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